Due to recent developments in computer technology, computer-aided investigations of structural movements in a maritime environment have become more relevant during the last years. With regard to mechanically coupled multibody systems in fishery and offshore operations, the analysis of such systems is in the focus of research and development. To analyse multibody systems, forces and moments of all included bodies have to be defined within the same reference frame, which requires a transformation algorithm. Showing the correctness of the transformation algorithm, it must be also applicable for six degrees of freedom (6DOF) motions of a free floating single body in seaways. Therefore, the computation of irregular waves is discussed before the traditional motion description of a floating structure by using the Kirchhoff equations. With these basics, an approach to calculate the motion equations of single bodies within the earth-fixed reference frame is presented before the method of the inertia value transformation. To compare the body-fixed and earth-fixed calculation method, a free-floating crew transfer vessel in irregular waves is simulated and the results are discussed. Finally, the inertia value transformation will be proved by the energy conservation principle on the example of a pure rotating rigid body with none digital calculations.
Introduction
Modern simulation techniques enable a more profound analysis of various engineering problems in an early design stage. In maritime kinematics, the focus is on the behaviour of offshore motions of the ship. The simulation was unstable. During development of the multibody scenario, it was discovered that an additional and oppositely directed transformation of the rotational accelerations leads to a stable solution of the simulation.
To analyse a general applicability of the inertia value transformation for maritime applications, Korte et al. defined the equations of motions for a free-floating ship with six degrees of freedom (6DOF) in the inertial reference frame [17] . Motion equations were derived from momentum and angular momentum theorem. The results of the free-floating ship were compared with ordinary simulations in the body-fixed reference frame and kinematics (see [1] ).
This contribution describes the applicability of the inertia value transformation in maritime applications while transferring the inertia values between a body-fixed and the inertial reference frame. The motion behaviour of the free-floating structure is in the focus of the discussion. In the following section, the modelling of the irregular seas as environmental reason of structure motions is presented. The six degrees of freedom of a floating body as well as the traditional motion equations in the body-fixed reference system are introduced afterwards. The derivation of the motion equations within the inertial reference frame by using the inertia value transformation is part of the main section. The possibility to transform the equations from inertial to body-fixed system is shown. For comparison of both methods, 6DOF simulation results of a free-floating CTV in waves are discussed. In the last section, a proof shows the energy conservation of the inertia value transformation for the case of a pure rotating rigid body.
Wave modelling
Depending on formation is natural irregular seas divided into wind seas and swell. Real occurred sea state phenomena are described in nautical practice as the superposition of a stochastic wind sea and two observable swells.
Wind seas are direct wind excited. The waves are rather short and steep. Due to friction, the wind transfers energy to the water surface. The resulting capillary waves with short wavelength increase the area of the free surface, whereby the effect of the energy transfer is amplified. This leads in higher and longer gravity waves, which influence the water column down to a water depth of a half wavelength. The waves propagate in the wind direction. Wind wave characteristics depend on wind speed, wind duration and fetch. The wave components of wind seas are located in the higher-frequency range of a wave spectrum. Due to containing higher frequency waves with small amplitudes, the water column oscillates inhomogeneously. Wind seas decrease by a disappearance of the wind excitation. The relation between wind classes (Beaufort wind scale) and sea-state classes (Douglas sea scale) can be seen in Figure 1 .
Contrary to wind seas, which is described as evolving waves, is swell the full homogeneously oscillating water column. Swell is a decaying, nearly sinusoidal wave that has moved away from the formation area, e.g. a storm region. The frequencies are in the lower range of a wave spectrum. The energy density of waves is inversely proportional to the wave frequency. Long waves with a small frequency are more energetic than short waves. Irregular waves are mathematically described as superposition of a finite number of wave components with different wave frequencies, different amplitudes and different phases. The representation is carried out with energy density spectra, which have a unique distribution of the wave components for each sea area. The spectrum contains the energy S n ω ðÞof all included wave frequencies. Figure 2 shows the structure of a wave spectrum.
Relevant wave parameters can be derived from the wave spectrum. The mean wave frequency ω 0 is located at the maximum S ω ðÞ of the spectrum. The peak period T P is Figure 1 . Relation of wind speed (Beaufort wind scale) and wave height (Douglas sea scale) for fully developed seas (modified to practice). Figure 2 . Structure of a wave spectrum as superposition of different wave components.
Further, wave properties can be determined with the so-called spectral moments m n , compared with [1] . Their definition is
The moments up to the second order, n ¼ 2, are of interest to characterise the sea state. The characteristic wave height of the spectrum is
and the significant wave height is
The period of the characteristic wave height H m0 is defined as
The mean zero upcrossing period is
Variance σ 2 and standard deviation σ are
There are several mathematical wave spectra for computer simulations of irregular waves available, namely, the Bretschneider spectrum, the Phillips spectrum, the Pierson-Moskowitz spectrum as well as the Joint North Sea Wave Project (JONSWAP) spectrum. The most important spectra are introduced in this section.
Pierson-Moskowitz spectrum
The Pierson-Moskowitz (PM) spectrum was introduced for fully developed seas and is commonly used since 1964 [18] . It is based on long-term observation data of a weather ship in the period from 1955 to 1960. It assumes the fully developed sea, including wind sea and swell, on the North Atlantic with unlimited water depth and fetch as well as steady wind for a long time.
The spectrum is 
The relation between significant wave height and wind speed is:
Modified Pierson-Moskowitz spectrum
After experiences with the Pierson-Moskowitz spectrum, the maritime community recommended a magnification of the spectrum [19, 20] . According to this recommendation, the parameters A and B were modified and can be determined from the observable weather parameters H S and T Z :
(14) Figure 3 shows a comparison of the Pierson-Moskowitz spectrum and the Modified PiersonMoskowitz (MPM) spectrum for several wind speeds. An increase of the energy density in the peak frequency of the MPM as well as a shift of the peak frequency to lower frequencies can be seen.
JONSWAP spectrum
The Pierson-Moskowitz spectra were developed for unlimited water depth. However, the most intensively used sea areas are often in regions of shelf seas with restrictions on the water depth and the fetch.
In 1968/1969, the characteristics of wave formations in sea areas with limited fetch and water depth were investigated exemplary for the North Sea in the international joint project 'Joint North Sea Wave Project (JONSWAP)'. During a period of approximately 10 weeks, measurements were carried out and evaluated at points reaching up to 160 km seawards in the region of the island of Sylt. The JONSWAP spectrum is based on the PM spectrum and provided with a magnification factor γ for the peak distribution.
Hasselmann's mathematical definition of the JONSWAP spectrum is [20] S JON ω ðÞ ¼ αg 2 ω
À5
• e 
Fetch is defined in metres and increases the wave energy linearly. A direct comparison of the JONSWAP spectrum with the MPM spectrum for a large-scale wind sea on the North Sea illustrates the lower total energy in Figure 4 . The characteristic frequencies ω 0 of the individual wind classes are higher than those of the PM spectrum. Due to limited water depth, the wave heights are reduced. Both, the maximum of the spectrum and the area under the curve are considerable smaller than those of the reference spectrum. A comparison of seaways with different fetch lengths confirms this trend (cf. Figure 4) . A JONSWAP spectra are used for the here presented simulations. 
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3. 6DOF motions of a free-floating offshore structure
In the following section, the six degrees of freedom of a ship are introduced. Figure 5 shows a sketch of a ship hull with a body-fixed coordinate system. Body-fixed coordinate system means that the coordinate system moves with the ship. Due to advantages in determining the moments of inertia, the origin of the system is preferably located in the ships centre of gravity. The motions of a ship are described in the body-fixed coordinate system. However, the ship's position and the orientation are referenced in an earth-fixed coordinate system.
The translational motions are as follows:
• Surge: Translation along the longitudinal x-axis Another distinction is the classification into horizontal (surge, sway, yaw) and vertical (heave, roll, pitch) motions. The reason for this differentiation is the restoring forces caused by gravitation. These exist only for the vertical degrees of freedom. After a perturbation of the equilibrium, a ship always tends to return to it. This does not apply for horizontal motions. The result is the drift of a free-floating structure away from the original position as well as a change of the heading in case of wind, waves or current. For a driven ship or a ship in dynamic positioning mode, the ship's actuators (propeller, rudder, thruster, etc.) control the horizontal motions. 4. Motion equations in the body-fixed reference system: Kirchhoff equations
As already mentioned, hydrodynamic inertial effects in the form of a hydrodynamic added mass have to be taken into account in marine applications. The mass matrix m b (b for body) in the traditionally used body-fixed reference system is defined in Eq. (22) . In the matrix, m is the physical mass and m h, ij is the direction-dependent content of the hydrodynamic inertia. The mass matrix is constant in the body-fixed frame. This applies analogously for the matrix of moments of inertia: 
In 1869, Kirchhoff published his work about the 'Movement of a rotating Body in a Fluid' [3] . In this work, he defined the motion equations of a floating body in a body-fixed reference system in analogy to Euler's gyro equation. The Kirchhoff equations are a system of each three equations for translation (Eq. (23)) and rotation (Eq. (24)):
The so-called living forces and moments depict all external forces and moments including all hydrodynamic effects, weight, buoyancy and their effect and can be found at the right-hand side of the equations inclusively. The determination of these external forces and moments is especially difficult for the horizontal degrees of freedom with a lack of restoring forces. For the simulations in this work, a simplified model is used, which considers weight, buoyancy as well as potential damping. At present, viscous effects are neglected.
The accelerations have to be integrated twice to analyse the position and orientation of the free-floating ship. The first integration is executed in the body-fixed system.
To calculate the position x, y, z ðÞ ⊺ and orientation Φ, Θ, Ψ ðÞ ⊺ of a floating body, the velocities have to be transformed into the inertia system. The peculiarity is the differing transformation of the rotational vector from the body-fixed system into the inertia system and vice versa, e.g. using the transformation with Euler's angles (Eq. (26), cf. [1] ):
with
(e for earth or inertial, b for body, c for cosine, s for sine and t for tangent).
Motion equations in the inertial reference system
In the following section, the motion equations of a free-floating body in the earth-fixed reference system are shown. The equations are formally derived from momentum and angular momentum theorem. The transformation of the inertia values is discussed, and it is shown that a transformation of the motion equations leads to the Kirchhoff equations. It is known that the twice integration of the rotational equations results in an unstable solution. By using an additional and opposite directed transformation of the rotational accelerations, the simulations can be stabilised for longer time series.
Inertia value transformation
Kane introduced the transformation of inertia values in 1985 [14] . The used transformation matrix from the body-fixed into the earth-fixed reference system is (27) with
and
The transformation of the inertia matrix is [14, 21 ]
Analogously, it follows the transformation of the mass matrix including added mass [2] :
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The cross product-operator relation for matrices can be found in the literature [22, 23] :
Rotation
The rotational equations follow from angular momentum theorem, which is defined in the inertial reference frame [21, 23] :
Taking the temporal change of the inertia matrix J e into account follows for the moment:
The temporal derivative of the inertia matrix is
Substituting Eq. (35) into Eq. (34) follows:
Using the cross product-operator relation follows the momentum equation in the inertial reference system:
The transformation of Eq. (37) into the body-fixed reference frame is
It follows with
Eq. (39) is identical to Euler's gyroscope equation, which is defined in the body-fixed system and corresponds to the Kirchhoff rotation equation (Eq. (24)) if the term v
As already mentioned, the integration of the equations in the inertial system results in unstable behaviour. The floating body makes unpredictable, chaotic movements. It is assumed that the instability is a consequence of the numerical inaccuracy as well as the twice integration of the equations. It was found within the project Mine Hunting 2000 that an additional and opposing transformation stabilises the simulation for longer time [6] . Due to the missing inertia value algorithm at that time, it could not be explained why. The authors assumed a numerical reason, which cannot be proved. That phenomenon of stabilisation was rebuilt for simulations of docked CTV at wind turbine tower, compare [24] with [16] .
During the presented motion of the free-floating vessel, the changed rotational accelerations stabilise the system for longer periods (cf. Eq. (40)):
By using the additional transformation in the multibody application described in Ref. [16] , the motions of the vessel on the wind turbine tower were stable at all times.
Translation
Consequently, the derivation of the translational equations follows the derivation of the rotational equations from the last section. The hydrodynamic added mass force is generally an external force, which defined the right-hand side of the motion equations. For the derivation of the motion equations, the hydrodynamic mass is considered as intrinsic property of the freefloating body, which has to be taken into account for every accelerated marine system. Analogously, as for the rotational inertia matrix, the mass matrix of a rotating body changes. This temporal change is equal to zero in case of pure translation.
The momentum theorem is defined in the inertial reference system:
The force is the temporal derivative of the momentum:
With the transformation matrix C be , the transformation of the mass matrix into the inertial system follows:
The other direction is
The temporal derivative of the mass matrix is 
and by using the cross product-operator relation
Substituting Eq. (47) into Eq. (42) results in the translational equation for a floating body in the inertial reference frame:
Eq. (48) contains only values of the inertial reference system. Due to change of the orientation and the non-scalar characteristic of the mass matrix, Eq. (48) contains two additional terms. These terms disappear for each application where the hydrodynamic added mass is not considered and the mass is scalar, e.g. in aerospace industries or robotics. In case of pure translation, these terms are equal to zero too, and the equation results in Newton's second law.
In the following equation, the transformation of Eq. (48) into the body-fixed reference system is shown. The relation of the velocity in both systems is
In case of simultaneous rotation and translation, the rotation matrix changes. The acceleration in inertial frame is
(Remark: In case of pure translation,
By inserting identity matrix, Eq. (28) follows:
This is identical to 
The transformation of Eq. (53) into the body-fixed reference frame is Kinematics 36
Replacing the values from inertial system with values from body-fixed system follows:
Eq. (55) corresponds to the translational Kirchhoff equation (Eq. (23)) in the body-fixed system.
Simulations in body-fixed and inertial reference frame
The following section shows simulation comparisons of a free-floating vessel in both reference systems. 6DOF motion simulations are performed for various wave conditions. The hydrodynamic model of the simulation is implemented in MATLAB/Simulink.
Parameterisation of the ship
The simulated ship is a crew transfer vessel, which is used for the transfer of offshore service staff in the German Bight. For the simulation, the hydrodynamic parameters like hydrodynamic added masses and moments of inertia, as well as the potential damping coefficients of the CTV, are required. They were determined within the project 'Safe Offshore Operations (SOOP)' using the potential radiation and diffraction programme WAMIT (cf. [24] ). The ship is discretised station-wise to calculate wave-induced forces and moments. The calculated forces are buoyancy and weight as well as potential damping force.
6DOF simulations
The following figures show the comparison of the CTV 6DOF body motions in irregular seas. The ship is free floating with no initial velocity. Figure 7 shows the simulation results for the case of head seas and Figure 8 for beam seas. The wind wave parameters are a significant wave height of H S ¼ 2:1 m and a peak period of ω 0 ¼ 0:7 rad=s. Swell is neglected.
The figures show from top to bottom the registered wave elevation at the ships centre of gravity, the x-, y-a n dz-position as well as the orientation angles Φ, Θ and Ψ . Blue curves are for the body-fixed reference frame and red curves for simulations in the inertial reference frame.
At the beginning of the presented simulations, the motion behaviour in both reference systems shows an identical behaviour. In further process, however, an increasing deviation of the ship's heading in the inertial reference is registered. The result is a changing encounter angle of ship and waves. For the case of head seas, the ship begins to move in transverse direction and to roll. In the beam seas, simulation leads the changed encounter angle in a pitch motion. In total, it can be seen that the comparison of vertical motions shows an identical behaviour. As already mentioned, the yaw motion is controlled in case of a driven ship. It is assumed that the motions in both reference systems are identical in this case. Analysis of yaw motion is the subject of the present work. It has to be pointed out that the simulations in the inertial reference system were Kinematics 38 unstable after longer simulation time. Instability occurs abruptly. Intensive analysis of the instability reason is also the subject of the present work.
Proof of energy conservation for rotatory inertia value transformation
Problem: Common practice in calculating rotational motions of rigid bodies applies the socalled angular velocity transformation between a first integration over time in body-fixed frame and a second within inertial frame (see [1] ). This is contrary to the so-called linear velocity transformation, which uses the ordinary vector transformation algorithm as applied in our solution [2] , e.g. Euler's angle transformation. The derivation of the rotation matrix C rot, be (Eq. (26)) is carried out by observations and describes the rotation around the three bodyfixed coordinate axes sequentially in time.
In 1995, Blass and Gurevich postulates 'Matrix Transformation Is Complete for the Average Case' [25] :
whereby C 
might be possible being true, but wrong in our opinion, because C rot, be 6 ¼ 1 for each Θ 6 ¼ 0
is true, contrary to the above
have to be true! Matrix mathematics cannot give answer, because both assumptions are valid.
Authors expect calculus II as valid due to the correct transformation of the moment vector.
Its correctness may prove only by the general use of one physical principal of conservation. For that purpose, the energy conservation shall be applied. Therefore, the pure rotating energy from one mass point of the rigid body (see step 1) has to be compared with the kinetic energy of same mass point and motion applying continuum physics within FEM methods (see step 2). Furthermore and in accordance with authors who claim of wrong description of rotatory kinetic energy within the body-fixed frame, all used rotation speed components are time derivatives of inertial-fixed Euler's angles. Within the calculation of step 3, it has to be shown that all coefficients of both energy equations are equal, otherwise the proof fails.
Calculation of rotatory kinetic energy of a mass point from a rotating body (step 1)
Vector value transformation based on Eulerian angles Π 
The rotatory inertia value J dm of the mass point calculates 
by angular speed
and lever arm R ! m ¼ R x R y R z ÀÁ T from the bodies' centre of gravity to the mass point in body-fixed frame b. By vectorial depiction, the rotatory kinetic energy can be formulated as follows, e.g. Ginsberg [21] :
The first calculation step can be C b e Á ω ! e (cf. Eq. (61)):
e can be estimated: 
getting three components of a sum E 1 to E 3 :
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Finally, the sum of these components E 1 , E 2 and E 3 has to be multiplied by the factor ½dmto get the rotatory kinetic energy. Because that factor is implemented also within the second energy equation (step 2), the energy components can be summarised and compared directly with Eq. (68). By sorting all components to the lever arm and rotating speed combinations, we get Eq. (64):
2. Calculation of kinetic energy from a mass point of a pure rotating body (step 2)
The energy can also be calculated by the tangential speed vector, preferably within the inertial frame (Eq. (65)):
The cross product can be calculated by a so-called skew operatorω e (Eq. (32) ). So, it is possible to calculate the tangential speed vector of the mass point within the inertial frame:
From Eq. (66) the square of speed can be calculated (see Eq. (67)):
with.
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Summarising E 4 , E 5 and E 6 , follows Eq. (68).
7.3. Comparison of the coefficients from both energy calculations for the mass point of pure rotating body (step 3)
To show that energy is identical in both approaches (step 1 and step 2), the coefficients of all 36 combinations of lever arms and angular velocities are compared individually with each other in step 3. The coefficients of the rotation energy (cf. Eq. (64)) of step 1 can be found on the left-hand side and the coefficients of kinetic energy (cf. Eq. (68)) of step2 on the right-hand side. As described previously, the condition of identical energy is only proved, if all coefficients ar equal. 
The previous calculation demonstrated the validity of Eq. (35).
Conclusion
This work presents the method of inertial value transformation for maritime applications. Firstly, an introduction in irregular seas and an overview of ships degrees of freedom are given. In the following section, the traditional Kirchhoff motion equations in the body-fixed reference frame are introduced, which represent a hydrodynamic affected Eulerian gyro tied up a Newtonian body within the body-fixed view. The formal derivation of motion equations of a free-floating body in inertial coordinate system is presented in the main part. It is shown that the transformation of the equations into the body-fixed system leads to the well-known Kirchhoff motion equations. 6DOF simulations for a crew transfer vessel in head seas and beam seas illustrate the comparison of motions in both reference systems. It is mentioned that temporal integration of the motion equations in inertial system leads to unstable and chaotic motions of the ship. Rebuilding the Eulerian gyro at first within the project SOOP [6] , Korte et al. [24] by introducing an additional and opposite directed transformation of the rotational accelerations, the present work shows their general applicability and necessity for free-moving bodies (6DOF) within inertial frame. By its consequent use, the motion behaviour of the ship can be stabilised over longer periods. A proof presents the energy conservation of inertia value transformation for a rotating body. Finally, the contribution has shown a failure in common motion calculation practice for vehicles.
The intention of motion equations in inertial reference system is the simulation of mechanically coupled multibody systems in seas. To analyse the interaction effects, the forces and moments of all included bodies have to be defined in the same reference system. This requires a transformation of the motion equations that can be realised with the presented method of inertia value transformation. For a multibody system, a CTV is fixed at the bow to an offshore wind turbine tower and can make ideal rotations; the method including the additional transformation leads to a stable system. The scenario describes the interaction of a fixed and a floating body. Further investigations in the field of multibody dynamics are planned for the future. A scenario of two ships, which are mechanically coupled in tandem and rotate ideally, is developed currently. The challenge in comparison to the first multibody system is the interaction of two floating bodies.
Other applications of the method, which are planned in further work of the authors, are simulations of offshore crane processes or 3D simulations of a ROV, which is coupled to a mother ship via umbilical. For the parameterisation of controllers, the question of the real-time application is still in focus of research.
